Abstract. Let (R, m) be a Noetherian local ring and M a finitely generated R-module of dimension d. A famous result of Northcott says that if M is Cohen-Macaulay, then the index of reducibility of parameter ideals on M is an invariant of the module. The aim of this paper is to extend Northcott's theorem for any finitely generated R-module. We call this invariant the stable value of the indices of reducibility of parameter ideals of M . We also introduce the limit value of the indices of reducibility of parameter ideals of M .
Introduction
Throughout this paper, let (R, m, k) be a Noetherian local ring and M a finitely generated Rmodule of dimension d. A submodule N of M is called an irreducible submodule if N can not be written as an intersection of two properly larger submodules of M . The number of irreducible components of an irredundant irreducible decomposition of N , which is independent of the choice of the decomposition by E. Noether [15] , is called the index of reducibility of N and denoted by ir M (N ). Let q be a parameter ideal of M then the index of reducibility of q on M is the index of reducibility of qM and denoted by ir M (q). We have ir M (q) = dim k Soc(M/qM ). Let R and M are the m-adic completions of R and M , respectively. It is clear that ir M (q) = ir M (q R). Therefore, without loss of generality we always assume that R is a homomorphic image of a Cohen-Macaulay local ring.
If M is Cohen-Macaulay, then Northcott proved that ir M (q) is an invariant of the module (cf. [16] ) and it is called the Cohen-Macaulay type of M . More precisely, we have ir M (q) = dim k Soc(H d m (M )) for all parameter ideals q, where H i m (M ) is the i-th local cohomology module of M . After that several researchers tried to extend Northcott's result for other classes of modules. For example Goto et al. studied the problem for Buchsbaum modules in [11, 12] ; Truong and the authors extended the results for generalized Cohen-Macaulay modules in [6, 9] . In more details, if M is generalized Cohen-Macaulay it is proved in [6, Corollary 4.3] and [9, Theorem 1.1] that ir M (q) does not depend of the choice of parameter ideals contained in a large enough power of m, and we have
The main aim of this paper is to generalize Northcott's result for an arbitrary finitely generated R-module M . We prove that ir M (q) is independent of the choice of parameter ideals which generated by certain systems of parameters, namely C-system of parameters (see Section 2 for details). Our result is as follows.
Theorem 1.1 (Theorem 3.2). Let x = x 1 , ..., x d be a C-system of parameters of M . Then the index of reducibility of (x) on M , ir M (x), is independent of the choice of x.
We call the above invariant the stable value of the indices of reducibility of parameter ideals. This invariant agrees with previous invariants of the classes of (sequentially) (generalized) CohenMacaulay modules, and can be used to characterize these classes of rings (cf. Theorem 3.4). We also introduce another invariant, say the limit value of the indices of reducibility of parameter ideals. The limit value can be though of as the infimum limit of the indices of reducibility of parameter ideals. It should be noted that we can not expect to have the supremum limit of the indices of reducibility of parameter ideals in general by [12, Example 3.9] . This paper is organized as follows. In the next section we collect known results about the index of reducibility of parameter ideals and recall the notion of C-system of parameters. In Section 3, we study the stable value. The existence of the limit value is shown in Section 4. In the last section we compute the stable value for unmixed modules of dimension three and of depth two.
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Preliminaries
We start with the notion of annihilator of local cohomology which plays the key role of this paper.
Notation 2.1. Let (R, m) be a Noetherian local ring and M a finitely generated R-module
We next mention the main object of this paper. (iii) Goto and Sakurai extended the Northcott result for Buchsbaum modules in [11] . Truong and the fisrt author generalized Goto-Sakurai's result for generalized Cohen-Macaulay modules in [9] (see also [6, Corollary 4.3] ). Let M be a generalized Cohen-Macaulay module and n 0 a positive integer such that m n 0 H i m (M ) = 0 for all i = 0, ..., d − 1. Then for all parameter ideals q contained in m 2n 0 we have
(iv) In general, the index of reducibility of parameter ideals are not bounded above ([12, Example 3.9]). However, if M is generalized Cohen-Macaulay, then Goto and Suzuki proved that
for all parameter ideals q of M (cf. [12, Theorem 2.1]). Recently, the second author extended this result for the class of module with dim R/a(M ) ≤ 1 in [18] .
Next we recall briefly some basic facts about filtrations satisfying the dimension condition and good system of parameters (cf. [3, 5] ).
Definition 2.5.
(i) We say that a finite filtration
and then F is said to have length t. For convenience, we always consider that dim
is the 0-th local cohomology module of M with respect to the maximal ideal m.
A good system of parameters with respect to the dimension filtration is simply called a good system of parameters of M . 
Then for every good system of parameters x = x 1 , ..., x d of M with respect to F contained in a large enough power of m, the index of reducibility of (x) on M is independent of the choice of x and
Corollary 2.9 ( [20] ). Let M be a sequentially Cohen-Macaulay module of dimension d. Then there is a positive integer n such that for every good system of parameters x = x 1 , ..., x d of M contained in m n the index of reducibility ir M (x) is independent of the choice of x and
Finally we present the splitting property of local cohomology in [6, 7] , and the notion of C-system of parameters. 
It is natural to raise the following notion.
Definition 2.12 ([7]). A system of parameters
According to [4] , R is a homomorphic image of a Cohen-Macaulay local ring if and only if every finitely generated R-module admits a C-system of parameter. The following are useful properties of C-system of parameters. 
The last isomorphism of Theorem 2.11 says that the induced map on the socles is surjective
Lemma 2.14. Let x = x 1 , ..., x d be a C-system of parameters of M . Then the canonical map
We will need the following in the sequel.
Lemma 2.15. Let x = x 1 , ..., x d be a C-system of parameters of M . Then we have a surjective map on the socles
Thus we can assume henceforth that depth(M ) > 0. Hence x 1 is M -regular since x is a d-sequence (see Lemma 2.13 (i)). The short exact sequence 
Notice that δ is surjective and π is also surjective by Lemma 2.14. Thus the map
The stable value
In this section we cover all stable results on the index of reducibility of parameter ideals mentioned in the previous section. The following lemma immediately follows from Theorem 2.11. 
where the second equality follows from the induction. Similarly, we have
On the other hand, x ′′ = x 2 , . . . , x d and y ′′ = y 2 , . . . , y d are C-systems of parameters of M/zM by Lemma 2.13 again. Applying the inductive hypothesis for M/zM we have
The proof is complete.
Definition 3.3. We denote the invariant in the previous theorem by N R (M ). We call N R (M ) the stable value of the indices of reducibility of parameter ideals of M .
The stable value N R (M ) can be used to characterize (sequentially) Cohen-Macaulay modules as follows. 
) and the equality occurs if and only if M/D t−1 is Cohen-Macaulay. Since x 1 , . . . , x d−1 is also a C-system of parameters of M/x d M , we have
where the first inequality follows from the induction. Therefore N R (M ) ≥ 
we need only to prove that D t−1 /D t−2 is Cohen-Macaulay. This requirement can be proved by applying the local cohomology functor H i m (−) to the short exact sequence 0
Therefore the claim is proved and the proof is complete.
Remark 3.5. If M is (sequentially) generalized Cohen-Macaulay modules, then it is easily seen that N R (M ) is just the invariants of Remark 2.4 (iii) and Theorem 2.8. At the time of writing the authors were not able to use these equalities to characterize these classes of modules.
The limit value
For each n ≥ 1 we define
n a system of parameters of M }.
We have {α n (M )} n≥1 is a non-decreasing sequence and bounded above by N R (M ) since we can choose a C-system of parameters which is contained in m n for all n ≥ 1. Thus the following is well defined.
Definition 4.1. The limit α(M ) = lim α n (M ) exists. We call α(M ) the limit value of the indices of reducibility of parameter ideals of M We can use the limit value to characterize the Cohen-Macaulayness as follows. 
) if and only if M is Cohen-Macaulay. Proof. The last inequality follows from the above discussion. The first inequality follows from of a result of Goto and Sakurai [11, Lemma 3.12] which claims that for all parameter ideals contained in a large enough power of m the canonical map 
The number α(M ) is still mysterious to us for non-generalized Cohen-Macaulay modules. Below we compute this invariant in a very simple example. 
for all q. We use again [11, Lemma 3.12 ] to obtain that the natural map
is surjective for any q contained in a large enough power of m. On the other hand, since R is Cohen-Macaulay we have
Therefore the natural map Soc(R/q) → Soc(R/qR) is surjective for all q contained in a large enough power of m. Hence α(R) = 2.
We list here some natural questions about the limit value. 
The three dimensional case
In this section we compute the stable value N R (M ) when M is unmixed, dim M = 3 and depth(M ) = 2. Note that if M is generalized Cohen-Macaulay then it satisfies the Serre condition S 2 . We also refer to [13] for the S 2 -ification. The following is the main result of this section. 
